Homework 3

Solutions
EE-312



1.18. (a) Consider two arbitrary inputs z)[n] and za[n].

n+ne

7i[n] — pin] = 2 z (k]

ksn-ng

ntdng

nfn] — wafn] = 3 zalk)

kz=n-ne

Let z3[n] be a linear combination of z;[n] and z2[n). That is,
z3[n] = az;[n] + bz;(n]

where ¢ and b are arbitrary scalars. If z3[n] is the input to the given system, then the
corresponding output ys[n) is

n+ng

win] = 3 =zl
k=n=ng
n+ng n+no n+ng
= 3 (mlk+btmk)=a 3 nk+b S k)
k=n-ng kzn=ng k=n-ng
= ayi[n] + byz[n)

Therefore, the system is linear,
(b) Consider an arbitrary input z,[n). Let

n4ne

wll= 3 =ik

kzneng
be the corresponding output, Consider a second input z2[n] obtained by shifting 71[n)
in time:
Zaln] = 21[n - m)
The output corresponding to this input is

n+ng néng n-ni+no

wln] = 2 z2(k] = 2 zi[k—ny] = z z, (k]
koneng ken-ng k=n—n)=ng
Also note that
n-ndng
nin=ml= 3" =z
kzn=nj=ng
Therefore,

win] =y [n - n,)
‘This implies that the system is time-invariant,
(<) If {z[n]| < B, then
yin) < (2no +1)B

Therefore, C < (2ny + 1)B.
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{b) (1) Consider two arbitrary inputs z,[n] and z3[n].
z1[n) = wn) = 23n - 2
za[n] — waln) = xin - 2)
Let z3(n] be a linear combination of z,[n] and z3[n]. That is,
z3ln] = az\[n] + bzs|n]
where ¢ and b are arbitrary scalars. If z3[n] is the input to the given system. then
the corresponding output vafn] is
win] = z3n-2
= (azy[n — 2] + bza[n - 2))?
= a’zin - 2] + ¥z[n - 2] + 2abz [n — 2z3[n - 2]
# ayi[n] + bwa(n)

Therefore, the system is not linear.

(1) Consider an arbitrary input zy[n]. Let
win) = =3n - 2

be the corresponding output. Consider a second input za(n] obtained by shifting
z){n] in time:

zzn] = z;[n — ny)
The output corresponding to this input is

waln] = 23[n - 2] = =i[n - 2 - ny)
Also note that
wiln — no} = ziln — 2 = ng) -

Therefore,

wln] = piln — ng)
This implies that the system is time-invariant.

(¢) (i) Consider two arbitrary inputs z,[n) and z3[n).

ziln] — win] = zifn + 1] = z3[n = 1]
z2[n) = w[n] = zaln 4+ 1] — z3[n - 1)
Let z3[n) be a linear combination of z,[n] and z4(n). That is,
z3(n} = azy[n] + bza[n)

where a and b are arbitrary scalars. If z3[n] is the input to the given system, then
the corresponding output yy[n] is

z3[n + 1] — z3[n = 1]
= enn+1]+bxyfn+ 1) - azyln — 1] — bryfn — 1)
= a(zi[n+1] - zi[n = 1]) + b(z2n + 1] = z2[n = 1))
= ayi[n] + byz(n)
Therefore, the system is linear.
(ii) Consider an arbitrary input z;[n}. Let

v(n]

win) =zin+1] - z;(n - 1)

be the corresponding output. Consider a second input z,[n) obtained by shifting
zy[n] in time:

z2[n] = z1[n - ng)
The output corresponding to this input is

vl =z2n+ 1] - 2n - 1) = zifn + 1 = ng) = 2)[n = 1 - ng)



Also pote that
ylln—ﬂo]==1[ﬂ+l-"0]"’!{“-1_"0]

Therefore,
win) = min - no

This implies that the system is time-invariant.

1.27. (a) Linear, stable.
(b) Memoryless, linear, causal, stable.
(¢) Linear
(d) Linear, causal, stable.
(e) Time invariant, linear, causal, stable.
(f) Linear, stable.
(g) Time invariant, linear, causal.

1.28. (a) Linear, stable.
(b) Time invariaot, linear, causal, stable.
(c) Memoryless, linear, causal.
(d) Linear, stable.
(e) Linear, stable.
(f) Memoryless, linear, causal, stable.
(g) Linear, stable.

2.1. (&) We know that

win) = =il Al = 3 Alklzln —§ (521-1)

The sigoals z{n] aud A[n] are as shown in Figure S2.1.

.]zzfn) 3 Lh[n]

X A e e I

olzlar" =:'6) F 4°%
-1

Figure §2.1

From this figure, we can easily see that the above convolution sum reduces to

wiln] = k[-1z{n + 1] + A1)z[n - 1]
= 2zfn+ 1) + 2z[n - 1)

This gives

yi[n} = 28[n + 1] + 44[n] + 24[n — 1] + 28[n — 2] — 2é[n — 4]



2.5. The signal y|n] is

o0

yin) = z[n) « Aln] = 3 z{kjhln k)

k=00

In this case, this summation reduces to

yln] = Zz[k]h[n k) = Zh{ﬂ k)

ke=0

From this it is clear that y[n] is a summation of shifted replicas of Ain]. Since the last
replica will begin at n = 9 and h[n) is zero for n > N, y[n] is zero for n > N + 9. Using
this and the fact that y[14] = 0, we may conclude that N can at most be 4. Furthermore,
since y[4] = 5, we can conclude that h[n] has at least 5 non-zero pomnts. The only value of
N which satifies both these conditions is 4.

2.6. From the given information, we have:

o0

z{n) e Aln] = Y z{kjhin - k]

k=—c0

= E() Ey[=k = 1)ufn = k = 1

k-——-co

vin]

= Z (—)"‘u[n -k~1]

k_-oa

= Z( Yuln + k — 1]
k=1
Replacing k by p—1,
yln} = E(%)" uln + p) (S2.6-1)
p=0

For n > 0 the above equation reduces to,

Ll R ad

=3 P =g

»=0

u.—l

For n < 0 eq (S2.6-1) reduces to,

o0 oo l

y[n] = 'g-:n(_;_)!+l )-n+z:3
i WL ,,1__5_

- ==

Therefore, /%) 5
nJf2), n <
“ﬂ={(un. n>0



2.8. Using the convolution integral,
z(t) » A(t) = F z(7)h(t = 7)dr = /mo R(r)z(t — 7)dr.

Given that h(t) = &(t + 2) + 25(t + 1), the above integral reduces to
z(t) e y(t) ==z(2 +2) + 2z(t + 1)
The signals z(t + 2) and 2z(t + 1) are plotted in Figure S2.8.

. 2
l/‘\x@m /\\mm
1 1]
-2 =3 \ 6 + . - 'b l' t
Figure S2.8
Using these plots, we can easily show that
t+3, -2<t<s -1

() = t+4, ~-1<t<0

VWHW=Y2-2t, o0<e<1

0, otherwise

2.11. (a) From the given information, we see that A(t) is non zero only for 0 < < oo, Therefore,

y(t) = z(t)* h(t) = /:h(r)z(t —r)dr

- / °°¢—='(u(¢ ~7=3)—u(t =7 =5))dr
0

We can easily show that (u(t —7 =3) = u(t -7 — 5)) is non zero only in the range
(t — 5) < 7 < (t~3). Therefore, for t < 3, the above integral evaluates to zero. For
3 < t <5, the above integral is

For t > 5, the integral is

t-3 (l e e-ﬂ)e-l(t-—b)
A =37 dr =
y(t).../!-s e~ dr 3

Therefore, the result of this convolution may be expressed as
yt) = { L=s=D 3<t<$
(""";"“'”, 5<t<oo




2.23. y(t) is sketched in Figure $2.23 for the different values of 7.
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Figure S2.23
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