EE594 Adaptive Signal Processing Lecture 24

Woodbury’s Identity (Matrix Inversion Lemma)
Let A and B be two positive definite M x M matrices related by

A=B"' +XA'X"
where D is another positive definite N x N matrix, and C is an M x N matrix. We may express the inverse of A as
A"'=B-BC(D+C"BC) C"B.

We now apply Woodbury’s identity to the recursive computation of @ ~'(n) as follows. Substitute the following

into Woodbury
A=D(v

B = Ad(v-1)
X=v(v)
A=1

and we have our desired result

A0 (n-hu(nu” (my® '(n-1)

(I)-l(n) :A'lq)‘l(n—l)— YR (n)@’](n—l)u(n)

ATd N (n—1yu(n)

T e -t Y

=A"® '(n-1)-1"

We note that we’ve replaced matrix inversion with a simple scalar division in the recursion. For convenience let
-1 3 . .
P(n) =® " (v) (inverse correlation matrix)

and

AT v-1Du(v)

k(n)= 1+ A v (I v-1p(v)

(gain vector).

We thus rewrite our recursion as

P(n)=A""P(n—1)— A 'k(n)u” (n)P(n—1)
4 H (Riccati equation).
=A [I-k(mu " (mP(n—-1)

Note that
k(n)= A "'T{v-1o(v)- A '«(Vwo (VI v-1)u(»V)
=[A'TI(v-1) - A 'k(MV" (MIXv-D(v)
=TI vu(v)

which is to say that the gain vector is u(n) transformed by P(n) or ® ~'(n) , i.e. projected onto the subspace defined
by P(n).

The Exponentially Weighted Recursive Least-Squares Algorithm
We begin with our solution to the normal equations and our recursion for z(n)

1 March 25, 2026



EE594 Adaptive Signal Processing

w(n) = T(WY»)
=NV AL(v-1) +v(1)d (V)]
= AAVE(v- 1)+ Iy (Vo' (V)

We next substitute our recursion for P(n) into the first term on the RHS

~—— - >

where

&n)=d(n)-w" (n—Du(n).

We’ll call §(n) the a priori estimation error as opposed to the a posteriori estimation error
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e(n) = V) -0 " (VW)
which involves the current filter coefficient vector.

Table 13.1 Summary of the RLS Algorithm.

Initialization of the RLS Algorithm (Soft-Constrained Initialization)
In order to get RLS started we must initialize the Riccati equation

P(n) = A'TXv-1)-A'x(vv"(VIXv-1)

by choosing P(0) = &7!(0) appropriately. In order to do this we’ll modify the deterministic correlation matrix as
follows

®(n)= i)\"iu(i)uH(i) +60"1

2 2, . . . . .
where 0 < 0.010; where 0, is the variance of the input signal. Clearly as n increases the influence of the
modification decreases. We thus have

@7(0) =P(0)
=51
Finally we choose .
w(0)=0.

We note that the modification means we are no longer finding the LS solution to our original cost function. Instead
our LS solution minimizes a modified cost function

e(m)=62"[w)| + ) A e

but again we note that as n increases this modified cost function is asymptotic to our original.

Properties

Orthogonality Principle

In this section we show that when W(n) has minimized the exponentially-weighted LS cost function, the weighted
error vector is orthogonal to the weighted input signal.

We begin with the normal equations (matrix form)

®(n)w(n) =z(n)

Let
Y V) Alyv-1) A AT7U2) ATVPuU)
Yv-1) AlPUuv=-2) A A1) 0
U(n) =
M M M M
Uv— M+1) AU v-M) A 0 0

=[v() | A 7u(v-1) |A | A7)
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and

din) =[&v) A°&v-1) A A1)

where U(n) is M x n and d(n) is n x 1. The expanded normal equations can then be factored as

UMY “(Vo(v)=Y(VO (V)

<>

Y& (M-YMY“(Ma(v)=0

We note that
U (md W =[p() ACgv-1) A AT

=Y (v)
forms the vector of weighted adaptive filter outputs. Thus we have

Umd (m-YM¥ (=0

Y(V[& (V) -9 (1] =0
Y(ve (=0

where
T
e(n)=[dv) Ae(v-1) A A7)
is the weighted error vector.

We thus have our result: the weighted-error vector is orthogonal to all row vectors of U(n), the weighted input
signal.

Relation Between Least-Squares and Wiener Solutions
With A = 1 (infinite memory) we have

(m)= Y, u(in” (0

Z(n) = Zn“)\""'u(i)d* (i).

If the input and desired signals are ergodic and stationary then

1 1,
}LD;IT/(D(V)—Z\;LLLT/ZU(L)U (¢)
= (" (1)]
=P

and
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1. 1Y :
lim 21 = A F0() 87 ()

= Hu(¢)d" (9]

=T

It can then be shown )
lim w(v) = Mud~'(ME(V)

=P 'n

=u)0

or in other words that the LS solution (with infinite memory) tends to the Wiener solution if the signals are ergodic
and stationary.
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